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1. INTRODUCTION
 In 12 it was shown that M is the only one of the five Mathieu groups24
which is a completion of the Goldschmidt G -amalgam. This paper investi-3
gates whether or not some of the other sporadic simple groups are
completions of this amalgam. By an amalgam we understand a triple of
groups P , P , B together with two group monomorphisms  : B P1 2 i i
Ž . Ž . Ži 1, 2 , and will denote it by A P , P , B . The monomorphisms are out1 2
.of sight but not out of mind. We say a group G is a completion of an
Ž .amalgam A P , P , B if there exist group homomorphisms  : P G1 2 i i
Ž . ² :i 1, 2 such that      : BG and im  , im  G. The2 2 1 1 1 2
Ž . Ž .Goldschmidt G -amalgam is the amalgam A P , P , B with P  Sym 43 1 2 1
Ž . Ž Ž .. Ž Ž .. Ž . Ž . P , BDih 8 and  O P   O P . Here Sym n and Alt n2 1 2 1 2 2 2
will denote respectively the symmetric and alternating groups of degree n
Ž .  and Dih 8 the dihedral group of order 8. See 8 for more on this amalgam
Ž .as well as its near relatives. So a non-trivial group G is a completion of
the Goldschmidt G -amalgam provided it contains subgroups R , R such3 1 2
² : Ž . Ž . Ž .that R , R G, R  Sym 4  R , R  R Dih 8 and O R 1 2 1 2 1 2 2 1
Ž .O R . We remark that, for such a group G, GG and all the2 2
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involutions in R  R are G-conjugate. Our first result concerns groups1 2
 which fail to be completionswe use Atlas 7 notation for the sporadic
simple groups.
THEOREM 1.1. M , M , J , M , J , M , HS, McL, Co , and Co are11 12 1 22 2 23 3 2
not completions of the Goldschmidt G -amalgam.3
On a more positive note we have
THEOREM 1.2. J , M , He, Ru, Suz, O’N, Fi , HN, Ly, Th, Fi , Co ,3 24 22 23 1
J , Fi , and B are all completions of the Goldschmidt G -amalgam.4 24 3
It is very likely the monster simple group M is also a completion of the
Goldschmidt G -amalgam, but we have been unable to verify this.3
There are fifteen Goldschmidt amalgamstheir universal completions
are precisely the locally finite, edge transitive groups of orientation pre-
 serving automorphisms of the cubic tree; see Theorem B of 8 , where
   some sample finite completions are given. Earlier Tutte 18 and Sims 16
investigated vertex transitive groups of finite cubic graphs. Any finite
completion of one of the Goldschmidt amalgams delivers, via a coset
graph, a finite cubic graph. Such graphs enjoy the property of being
Ž .transitive on congruent s-arcs for various s, a class of graphs much
Ž  .studied see, for example, 1, Chap. 18; 6, 19 . We mention that the
Ž .   Ž .   Ž .  completions G 2 , M 2 , SL 5 13 , and PSL 73 3 yield, respec-2 12 3 2
tively, girth 12, 16, 20, and 22 cubic graphs which are respectively the
Ž . Ž . Ž .unique 3, 12 -cage, and the current best upper bounds for 3, 16 -, 3, 20 -,
Ž .and 3, 22 -cages.
Of the five 2-perfect Goldschmidt amalgams G is the smallest for3
which both P and P are 2-constrained. We also observe that many1 2
groups are completions of the G - and G -amalgamsfor example, any1 2
group generated by two elements of order 3 is a completion of the
Goldschmidt G -amalgam. The completions of the Goldschmidt G -amal-1 3
gam form a more ‘‘exclusive club.’’ Indeed a completion of the Gold-
schmidt G -amalgam may be easily seen to be generated by three involu-3
Ž .tions, a property shared by all finite non-abelian simple groups, bar U 33
Ž  .see 10 . Yet Theorem 1.1 shows that to be a completion of the Gold-
schmidt G -amalgam is a more stringent requirement. For additional3
 material on such completions we direct the reader to 14, 17, 20 .
 As mentioned above the Mathieu groups are dealt with in 12 . The
proof of Theorem 1.1 is given in Section 3 and relies mainly on hand
calculations involving irreducible characters and class constants. On the
other hand, Theorem 1.2 is established by exhibiting appropriate sub-
groups R and R in each of the listed sporadic simple groups. For J , this1 2 3
is done by hand in Section 4. However, for the larger sporadic groups we
had to resort to extensive and detailed computer work using the algebra
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     software packages Magma 4 , GAP 15 , and Meataxe 11 . In addition to
the wealth of information in the Atlas, we made use of the matrix and
 permutation representations given in the www-Atlas 22 for our calcula-
tions. The permutation representations for the smaller groups were ex-
tracted from the Magma library files. Section 5 gives more details on these
calculations and Section 6 describes the subgroups R and R .1 2
We end this section with some observations about perfect central
extensions.
LEMMA 1.3. Suppose that G is a finite perfect central extension with 
Ž .GZ G isomorphic to G and that G is a completion of the Goldschmidt     
² :G -amalgam. Let P and P be subgroups of G for which P , P G,3 1 2 1 2     
Ž . Ž . Ž . Ž .P  Sym 4  P , P  P Dih 8 , and O P O P . Then1 2 1 2 2 1 2 2
Ž . Ž .i If Z G has odd order, then G is a completion of the G -amalgam.3 
Ž . Ž .ii Assume that Z G has order 2. If the inolutions in P  P lift to1 2
inolutions of G, then G is a completion of the Goldschmidt G -amalgam.3

Ž .Proof. Put Z Z G and let P be the preimage in G of P , i 1, 2.i i 
Suppose that Z has odd order. Then, as a Sylow 3-subgroup of P isi
Ž .inverted by an involution in P , P is isomorphic to Sym 4  Z and thei i 
Ž .preimage, P  P , of P  P is isomorphic to Dih 8  Z. Let B be the1 2 1 2
² Pi:unique Sylow 2-subgroup of P  P and for i 1, 2, set R  B .1 2 i
Ž . ² :Then R  Sym 4  R , R  R  B and R , R G, whence G is a1 2 1 2 1 2
Ž .completion of the Goldschmidt G -amalgam. We now verify ii . Since the3
Ž .involutions of P lift to involutions of G, O P is elementary abelian ofi 2 i
² : Ž . Ž .  Ž .  Ž . ˜order 8. And for x 	 Syl P , O P  O P , x  Z i 1, 2 . If ti 3 i 2 i 2 i i
Ž .is an involution of P so t is an involution of G inverting x , then t also˜i i
Ž . Ž .  Ž . inverts x . Hence P  Sym 4  2 i 1, 2 . Put V  O P , x andi i i 2 i i
note that V is independent of the choice of the Sylow 3-subgroup of P .i i 
Ž .Since VO P , ZV V  P  P . If V V  P  P , then V  V  1i 2 i 1 2 1 2 1 2 1 2 1 2
Ž .  and so, as V 
 P  P i 1, 2 , we get V , V  1 which contradictsi 1 2 1 2
Ž . Ž . ˜P  P Dih 8 . Thus V V  P  P and hence V V Dih 8 . For t1 2 1 2 1 2 1 2  
Ž . ˜	 V  V t an involution of G t inverts an order 3 element of P and so2 1 1
² :t inverts y , an element of P of order 3. Therefore R  V V y 1 1 1 1 2 1
Ž .Sym 4 . Similarly, we may find an element y 	 P of order 3 so as2 2  
² : Ž .R  V V y  Sym 4 . Since R  R  V V and R  P , this com-2 1 2 2 1 2 1 2 i i
Ž .pletes the proof of part ii .
From Theorem 1.2 and Lemma 1.3 we obtain
COROLLARY 1.4. The groups 3 J , 3 Suz, 3 O’N, 3 Fi , and 3 Fi are3 22 24
completions of the Goldschmidt G -amalgam.3
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Ž .Remark. The assumption in part ii of Lemma 1.3 is necessary as is
Ž .Ž Ž .. Ž . Ž .shown by looking at L 7  SL 2 and SL 7 . Lemma 1.3 ii together2 3 2
with Theorem 1.2 shows that 2 B is a completion of the Goldschmidt
ŽG -amalgam as the involutions we use to construct the amalgam in B are3
.conjugate to involutions in a subgroup isomorphic to Th . We expect that
this fact will be of use for an eventual computational attack on the
monster.
2 Ž .Finally we mention that the Tits group, F 2 , often regarded as an4
honorary member of the sporadic fraternity, is not a completion of our
amalgam.
2. A LITTLE CHARACTER THEORY
Suppose that G is a non-trivial finite group which is a completion of the
Ž .Goldschmidt G -amalgam A P , P , B . Identify P and P with their3 1 2 1 2
Ž . Ž .images in G. Let x 	 P i 1, 2 be elements of G of order 3 and t,i i
Ž .f	 B be, respectively, elements of G of order 2 and 4.
We start this section with a general result on finite completions of the
Goldschmidt G -amalgamit is just the so-called ‘‘Brauer trick’’ in dis-3
guise.
LEMMA 2.1. If  is a non-triial irreducible complex character of G, then
Ž . Ž . Ž . Ž . Ž . Ž .i 3 t  8 x  8 x  6 f   1 ; and1 2
Ž . Ž . Ž . Ž .ii 3 t  6 f   1 .
Proof. Let V be the underlying -vector space of the character  . We
Ž . Ž .first calculate dim C B and dim C P , i 1, 2. NowV V i
1
dim C B    , 1   1  5 t  2 fŽ . Ž . Ž . Ž . Ž .Ž .V B B B 8
and
1
dim C P    , 1   1  9 t  6 f  8 x .Ž . Ž . Ž . Ž . Ž .Ž .Ž .V i P P iPi i i 24
² : Ž . Ž . Ž .Since P , P G and C G  0, C P  C P  0. Hence, as1 2 V V 1 V 2
Ž . Ž .C B  C P , i 1, 2,V V i
dim C P  dim C P  dim C B .Ž . Ž . Ž .V 1 V 2 V
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Therefore
1
2 1  18 t  12 f  8 x  8 xŽ . Ž . Ž . Ž . Ž .Ž .1 224
1
  1  5 t  2 f ,Ž . Ž . Ž .Ž .
8
Ž .which yields part i .
Ž . Ž .For part ii , put Q O P , i 1, 2. Theni 2 i
dim C Q    , 1Ž . Ž .V i Q Q Qi i i
1
  1  3 t .Ž . Ž .Ž .
4
2Ž . Ž . Ž .If dim C B  dim C Q for i 1 or 2, then, as C Q is P -V V i V i i3
1xŽ² :.: Ž .invariant dim C B, B  dim C B for any x 	 P . HenceV V i2
1Ž . Ž . Ž . Ž .dim C P  dim C B and consequently C P  C P  0. SoV i V V i V 22
2Ž . Ž .we infer that dim C B  dim C Q and thereforeV V i3
1 2 1
 1  5 t  2 f   1  3 tŽ . Ž . Ž . Ž . Ž .Ž . Ž .
8 3 4
from which we obtain
3 t  6 f   1 .Ž . Ž . Ž .
For elements x, y, and z of G, let c denote the cardinality of thex, y, z
set
a, b 	 xG  yG  ab z . 4Ž .
Then we have the following well-known formula which describes c inx, y, z
Ž  Ž ..terms of irreducible character values see, for example, 9, p. 45, 3.9
 G  x  y  zŽ . Ž . Ž .
c  .Ýx , y , z    C x C y  1Ž . Ž . Ž .G G Ž .	Irr G
Ž .As is easy to check, Sym 4 can be generated by an element of order 2 and
an element of order 3 whose product has order 4. So for G to contain a
Ž .subgroup isomorphic to Sym 4 , it must contain elements x, y, and z of
order, respectively, 2, 3, and 4 for which c  0.x, y, z
A group theoretic interpretation of the constant c which was usedx, y, z
to guide our computer calculations is given in the next lemma.
PARKER AND ROWLEY136
LEMMA 2.2. Let x, y, z	G and let Z be a set of representaties for the
Ž . Ž . G G 4C z orbits on a, b 	 x  y  ab z . ThenG
1 cx , y , z .Ý  ² :   C a, b C zŽ . Ž .G GŽ .a , b 	Z
Ž . Ž . Ž .Proof. Let a, b 	Z. Then the C z orbit of a, b has lengthG
 Ž .   Ž² :. C z C a, b . Thus, since c is the sum of such lengths, theG G x, y, z
result follows.
3. THE GROUPS J , J , HS, McL, Co , AND Co1 2 3 2
We move straight into the proof of Theorem 1.1. Assuming the theorem
is false we derive contradictions by combining Lemma 2.1 and the charac-
   ter table data given in the Atlas 7 and GAP 15 . We shall use the Atlas
names for conjugacy classes and irreducible characters. Because of the
 results in 12 we do not need to deal with the Mathieu groups. We now
investigate the groups J , J , HS, McL, Co , and Co in turn. We continue1 2 3 2
to use the notation introduced at the beginning of Section 2.
Since J has abelian Sylow 2-subgroups, J cannot be a completion of the1 1
Goldschmidt G -amalgam.3
We now examine J . From the Atlas we see that t	 2 A as elements in2
the 2 B conjugacy class are not squares of elements of order 4. Lemma
Ž .2.1 i applied to  yields4
15 8 x  8 x  6 21,Ž . Ž .4 1 4 2
whence x , x 	 3B. Now looking at  gives1 2 7
45 48 18  1  63,Ž .7
a contradiction.
For HS, as 2 B elements are not squares, t	 2 A. Then
30 3  6 16  3 6  6 3 t  8 x  8 x  6 f ,Ž . Ž . Ž . Ž .2 2 1 2 2 2
Ž . Ž .which, by Lemma 2.1 i , is impossible as  1  22.2
Ž . Ž .In the case of McL, we have 30 3  6 6  2 3 t  6 f which,2 2
Ž . Ž .as  1  22, is ruled out by Lemma 2.1 ii .2
Next, for Co , since elements of order 4 only square to the 2 A class,3
t	 2 A. Further, class constant calculations show that a 2 A element
cannot invert either a 3 A or 3C element. So x , x 	 3B. Noting that1 2
Ž . f 5 we have
3 t  8 x  8 x  6 fŽ . Ž . Ž . Ž .2 2 1 2 2 2
 3  7 8  5 8  5 6  5 71,
Ž .which is a contradiction as  1  23.2
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Finally, for Co , we deal with each class of involutions in turn. Suppose2
first that t	 2 A. Then f is either a 4 A or a 4D element. We use Lemma
Ž .2.1 i with the character  to get3
3  29 16  10 6 f  253Ž .3
Ž .which means that  f  1, a contradiction.3
Next assume that t is in class 2 B. Then we have c  0 and so x2 B, 2 B, 3 A i
Žis in class 3B for i 1, 2 and c  0 indicates using the fact that2 B, 2 B, 4 B
2 . Ž .f 	 2 B that f is in class 4E or 4F. Now we use Lemma 2.1 i with  to4
Ž .obtain  f 9, yet another contradiction.4
Last we suppose that t is in class 2C. Then f has to be in class 4G. We
have c  0 and so x is in 3B for i 1, 2. This configuration then2C , 3 A, 4G i
Ž .tumbles when Lemma 2.1 i is applied to  .2
4. THE GROUPS 3 J AND J3 3
Put G 3 J , the non-split central extension of J . We will make use of3 3
Ž Ž ..the 9-dimensional unitary representation of G over GF 4 , as described
  Ž .  4in 7, p. 82 . Let GF 4  0, 1, w, w and let e , e , . . . , e be a basis for the 0 7
Ž .  9-dimensional GF 4 -vector space V. In 7 a collection of matrices in G
 4are defined using a correspondence between the basis e , . . . , e and 7
Ž . ŽGF 9 , the field of nine elementshere we shall only need B 1 i	Ž1i.
Ž ..   ² :GF 9 , C and D . By 7 , C , D is a subgroup of G isomorphic to1 1 1 1
Ž .L 17 and is the stabilizer in G of e  e  e . Now B is a permuta-2  0 4 Ž1i.
Ž .tion matrix which fixes e and, for i, maps e to e mod 8 . Thus i i1
² :G B , C , D . Put b B , c C , and dD .Ž1i. 1 1 Ž1i. 1 1
Then, with the basis ordered e , e , . . . , e and acting on the right of V, 0 7
we have
1 0 0 0 0 0 0 0 0 
0 1 0 1 0 0 0 1 0
0 0 1 0 0 0 1 0 1
0 1 0 0 0 1 0 1 0
c and0 0 0 0 1 0 1 0 1
0 0 0 1 0 1 0 1 0
0 0 1 0 1 0 1 0 0
0 1 0 1 0 1 0 0 0 
0 0 1 0 1 0 0 0 1
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0 1 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 w
0 0 0 0 1 0 0 0 0
d 0 0 0 0 0 0 w 0 0
1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 1 0
Ž .Note that d is a monomial matrix.
4Ž 2 .4 3 Ž 2 . f 2 6 aSet t d cd , f cd , a b d , and e b . Matrix calculation
gives
1 1 w 0 w 1 w 0 w 
1 1 0 1 0 1 w 1 w
w 0 1 w 1 w w 1 0
0 1 w 1 1 1 0 w 1
t ,w 0 1 1 1 w 0 w w
1 1 w 1 w 1 1 1 1
w w w 0 0 1 1 1 1
0 1 1 w w 1 1 1 0 
w w 0 1 w 1 1 0 1
1 0 0 0 0 0 0 0 0 
0 1 0 w 0 0 0 w 0
0 0 w 0 0 0 w 0 w
0 1 0 0 0 1 0 w 0
f ,0 0 0 0 w 0 w 0 w
0 0 0 w 0 1 0 w 0
0 0 w 0 w 0 w 0 0
0 1 0 w 0 1 0 0 0 
0 0 w 0 w 0 0 0 w
1 0 0 0 0 0 0 0 0 
0 0 0 w 0 1 0 1 0
0 0 w 0 1 0 w 0 0
0 w 0 w 0 w 0 0 0
a ,0 0 w 0 1 0 0 0 w
0 1 0 1 0 0 0 w 0
0 0 w 0 0 0 w 0 1
0 w 0 0 0 w 0 w 0 
0 0 0 0 w 0 w 0 1
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1 0 0 0 0 0 0 0 0 
0 0 0 w 0 1 0 w 0
0 0 w 0 w 0 w 0 0
0 w 0 w 0 1 0 0 0
1a  ,0 0 1 0 1 0 0 0 w
0 1 0 w 0 0 0 w 0
0 0 w 0 0 0 w 0 w
0 1 0 0 0 w 0 w 0 
0 0 0 0 w 0 1 0 1
and
1 0 0 0 0 0 0 0 0 
0 0 w 0 w 0 1 0 0
0 1 0 w 0 w 0 0 0
0 0 1 0 1 0 0 0 w
e .0 w 0 1 0 0 0 1 0
0 0 1 0 0 0 w 0 w
0 w 0 0 0 1 0 w 0
0 0 0 0 w 0 1 0 1 
0 0 0 1 0 w 0 1 0
Ž .Then e as it is conjugate to b is an element of order 8 in G Ge e e e  0 4
and t is an involution in G G with f of order 4 an element ofe e e e 0 4 
² : ² :G G . We also note that f	 e . Put B f , t , a subgroup ofe e e e  0 4
² : Ž .c, d  L 17 . Matrix calculation yields2
Ž . Ž .4.1 BDih 8 with e normalizing B and interchanging the two
fours subgroups of B.
Ž .From the subgroup structure of L 17 there exists two subgroups P , P2 1 2
² : Ž .of c, d such that P  Sym 4  P and P  P  B. Also, as P and1 2 1 2 1
² : ² : ² :P are maximal subgroups of c, d , P , P  c, d .2 1 2
² e: ² e: Ž .Put L  P , P and L  P , P . By 4.1 , L and L are comple-1 1 1 2 2 2 1 2
tions of the Goldschmidt G -amalgam.3
Ž .  44.2 Let i	 1, 2 . If L G, then L leaves invariant a 1-spacei i
of V.
Suppose L does not leave invariant any 1-space of V. Then, surveyingi
the maximal subgroups of J and using the fact that L is perfect, we see3 i
Ž .that L must be contained in a subgroup isomorphic to one of L 16 ,i 2
Ž . 4 Ž . 14 Ž . Ž . Ž .L 19 , 2 Alt 5 , and 2 Alt 5 . The groups L 16 and L 19 do not even2  2 2
Ž .contain a subgroup isomorphic to Sym 4 . For the other two possibilities,
Ž . Ž . Ž . Ž . Ž e.as Alt 5 contains no Sym 4 subgroups we get O P O H O P2 i 2 2 i
4 Ž . 14 Ž . Ž . Ž e.where H 2 Alt 5 or 2 Alt 5 , contrary to O P O P . There- 2 i 2 i
Ž .fore 4.2 holds.
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Ž . Ž .4.3 dim C e  2.V
Ž . Ž .Since b and e are conjugate and, clearly, dim C b  2, we have 4.3 .V
Ž . ² : Ž .Suppose L G L . By 4.2 , L fixes the 1-space u i 1, 2 and1 2 i i
Ž . Ž .so, as L is perfect, L Alt 6 or L 17 . In particular, L 
G Gi i 2 i ²u : u i i
² : ² : Ž . ² : Ž .and hence e	G . If u  u , then, by 4.3 , u , u  C e andu 1 2 1 2 Vi
² : ² :therefore t fixes e , which is not the case. While if u  u , then 1 2
² : ² : ² : ² : Ž² :.c, d  L , L G . So c, d  L , L whence e	N c, d1 2 ²u : 1 2 G1
G , which is also not the case. Consequently at least one of Le e e 1 0 4
and L equals G and so we have shown that 3 J is a completion of the2 3
Goldschmidt G -amalgam. Clearly, J is also a completion.3 3
Ž .Remarks. 1 In fact both L and L equal G.1 2
Ž . ² : Ž .2 There are two c, d -conjugacy classes of Sym 4 subgroups but
Ž .only one class, as in the proof, will furnish appropriate Sym 4 subgroups
Ž . Ž .intersecting in a Dih 8 . An example of a poor choice of Sym 4 is
² : Ž .R G G . Let R  c, d be such that R  Sym 4 with R1 e e e e 2 2 2  0 4
² : Ž . ² 4 :c, d -conjugate to R and R  R Dih 8 . We note that F b , c1 1 2
Ž 4. ²is a fours subgroup of R . Now C b  e , e  e , e  e , e  e , e1 V  0 4 1 5 2 6 3
:  Ž 4.  ² : e and calculation gives that C b , c  e  e  e  e . So7 V 1 3 5 7
Ž . Ž . Ž² :. Ž4C F  C c has dimension 4. Since dim C c, d  1 considerV C Žb . VV
. Ž Ž .. Ž Ž .. Ž .the action of d , C O R  C O R and hence dim C R  RV 2 1 V 2 2 V 1 2
Ž . Ž . ² : Ž . 3. Now dim C R  2 in fact 2 as e , e  e  e  C RV 1   0 4 V 1
and so if we had attempted to proceed as in the proof of the theorem with
Ž .R in place of P then for any g	N R  R we would have that1 1 G 1 2
Ž² g:. ² g:C R , R  0 and consequently R , R G.V 1 1 1 1
5. COMPUTER VERIFICATIONS
The first method is by brute force. We locate all pairs of subgroups up
to conjugacy that form a G -amalgam. Recall that if R and R are3 1 2
subgroups of a group G forming a G -type amalgam, then the involutions3
of R  R are in the same G-conjugacy class. Thus to determine all the1 2
conjugacy classes of G -amalgams for a group G we have to systematically3
work through the conjugacy classes of involutions of G. Let us now
suppose that we have a G-conjugacy class C of involutions and a fixed
representative z	C. The next step is to make representatives for the
G-conjugacy classes of fours groups containing z that are pure in the
sense that they only contain involutions from C. This involves determina-
tion of the centralizer of z. If the groups are relatively small we use the
standard Magma command whereas, if the group is larger, we use the fact
Ž . Ž .that we know the order of C z Atlas and then use the Bray generationG
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 method 5 . The next step is to determine the normalizer of each of the
classes of fours groups. Here again if the group is small and acting as a
permutation group we can use the straightforward Magma command. On
the other hand, if the group is large or given as a matrix representation,
² : Ž ² :. then, supposing that F a, z , we calculate C F t for t	 F byC Ž t .G
the Bray generation method. In the instances that we are interested in,
Ž Ž . Ž .these three subgroups generate the normalizer of F since N F C FG G
Ž .. Ž .is a subgroup of Sym 3 . From here we determine the classes of Sym 4
containing F as its largest normal 2-subgroup. One way to do this is to
Ž .determine a Sylow 3-subgroup, D, of N F . Then in G any subgroupG
Ž .isomorphic to Alt 4 having a conjugate of F as its Sylow 2-subgroup is
conjugate to one contained in FD. So our next step is to determine such
Ž . Ž .Alt 4 ’s. Then for each such Alt 4 we select a Sylow 3-subgroup T and
Ž .search CN T for elements which invert T. Such involutions to-N ŽF .G
Ž .gether with the original Alt 4 generate a subgroup of G isomorphic to
Ž . Ž .Sym 4 . We next find a Sylow 2-subgroup S of the Sym 4 and then find
the fours group F of S which is not equal to F. Finally, we determine all1
Ž .the Sym 4 ’s which contain S and normalize F and check whether the1
amalgam we have created generates G. For the final check we may either
ask the question straight out or, if the group is large, we first check that
Ž .the action is transitive or irreducible as appropriate and then determine
a collection of element orders until we can show that the amalgam is not
contained in any maximal subgroup of G.
For the smaller groups this process can be left to run on its own and
will, given a reasonable amount of time, produce a collection of G -amal-3
Ž .gams or show that the group is not a completion . On the other hand, for
the larger groups this is not a viable alternative, and so human interven-
tion is called for, for example, to give the orders of centralizers, tell it how
Ž .many classes of fours groups to look for using Lemma 2.2 , among other
things.
Finally, we come to groups that are still too large, Co being one such1
group. This time we attack the problem from smaller groups. We take Co1
 in its 24-dimensional representation from the www-Atlas 22 and then
from the same place draw the subgroup 3 Suz:2 in terms of the standard
   generators for Co 22 . We now use the Black-Box algorithm 22 for1
finding standard generators for 3 Suz. Since we have a G -type amalgam3
for Suz in standard generators we make the words which generate a
 Ž .G -amalgam in 3 Suz see Corollary 1.4 and Section 6 . Suppose that the3
Ž .amalgam is A R , R , R  R . Then putting B R  R we determine1 2 1 2 1 2
Ž x.the centralizer, C, of B in Co and then consider the amalgams R , R1 1 2
where x runs through the elements of C. In this case we are lucky and we
find the amalgam presented in the next section.
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For all the groups except the Baby Monster, B, the calculations were
 carried out using Magma. For B, however, we used the Meataxe 11 .
6. A HOST OF COMPLETIONS
To facilitate the presentation and to guarantee reproducibility of our
 results we have used Robert Wilson’s standard generators 21 and have
written the amalgams in terms of these generators.
We have not edited our computer files of group elements in the
interests of accuracy.
The Janko Group J3
Standard generators for J are elements A and B where A has order 2,3
Ž .2B is in class 3 A, AB has order 19, and AB B has order 9.
a (B*(A,B) 4) 2;ˆ ˆ
b B*A*B 2*A*B 2*(A,B*A*B 2*A*B 2) 7;ˆ ˆ ˆ ˆ ˆ
c b a;ˆ
d B 2*A*B*(c,B 2*A*B) 2;ˆ ˆ ˆ
e B*(c,B) 7;ˆ
f e 4*d*e 2;ˆ ˆ
g e 2*d e 3;ˆ ˆ ˆ
h (f 7*g 5*f 2);ˆ ˆ ˆ
i B 2*h*B 2*(A,B 2*h*B 2) 4;ˆ ˆ ˆ ˆ ˆ
j (i 2*b*i 3*b*i 2*b*i 2*b*i 3*b) 2;ˆ ˆ ˆ ˆ ˆ ˆ
k j*c;
l B*h*(k,B*h) 4;ˆ
m (l 6*A*l 5*A*l 2*A*1 7) 2;ˆ ˆ ˆ ˆ ˆ
² : ² :Then a G -type amalgam is determined by R  h, k and R  m, c .3 1 2
The Mathieu Group M24
Standard generators for M are elements A and B where A is in class24
Ž .3Ž .2 2 22 B, B is in class 3 A, AB has order 23, and AB BA B AB has order
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4. We define the following elements of M .24
a B*A*B*(A,B*A*B) 2;ˆ
b (A,B) 6;ˆ
c a 4*b*a 2*b*a 4*b*a 10;ˆ ˆ ˆ ˆ
d (B*A*B*A*B)*(A,B*A*B*A*B) 5;ˆ
e b*d 7*b*d 2*b*d 5*b;ˆ ˆ ˆ
f B*A*B 2*(c,B*A*B 2);ˆ ˆ
g B*(c,B) 5;ˆ
h g 3*f*g 2*f*g 2*f*g 3*f*g*f*g 2*f;ˆ ˆ ˆ ˆ ˆ
i B*(e,B) 2;ˆ
j i 3*A*i*A*i 3*A*i*A*i 3;ˆ ˆ ˆ
² : ² :Then setting R  c, e, h and R  c, e, j gives a G -amalgam.1 2 3
The Held Group He
Standard generators of the Held group He are A and B where A is in
class 2 A, B is in class 7C, and AB has order 17. Here are the instructions
for making a G -amalgam.3
z B*A*B; a z 6;ˆ
b B 3*A*(a,B 3*A) 10; c A*B*A*(a,A*B*A) 2;ˆ ˆ ˆ ˆ
d b*z*b; e c 5*d 6;ˆ ˆ
f c*d 13; g e 8*f 2;ˆ ˆ ˆ
h e 9*f 2; i g 5*h;ˆ ˆ ˆ
j c 4*d 3; k c 2*d 9;ˆ ˆ ˆ ˆ
l j 2*k 8; m j 2*k;ˆ ˆ ˆ
n m 2*l*m 2*l 3; o (B*(n,B) 3) 2;ˆ ˆ ˆ ˆ ˆ
p (a*o) 3; q A*B 2*A*B*(i,A*B 2*A*B) 8;ˆ ˆ ˆ ˆ
r A*B*(i,A*B); s q*r 2;ˆ
t q 3*r; u s 7*t 6*s 4;ˆ ˆ ˆ ˆ
v s 3*t*s 6; w u 2*v 2*u 3;ˆ ˆ ˆ ˆ ˆ
² : ² :The amalgam is determined by R  i, a, n, w and R  i, a, n, p .1 2
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The Rudalis Group Ru
Standard generators for this group are A and B where A is in class 2 B,
B is in class 4 A, and AB has order 13. Calculating
a B 2;ˆ
b (A*B 2) 11*(a,(A*B 2) 11) 3;ˆ ˆ ˆ ˆ ˆ
c A*B*A*B*A*B*(a,A*B*A*B*A*B) 2;ˆ
d b*c;
e (a,A*B 3*A*B 2*A) 6;ˆ ˆ ˆ
f d*e*d 2;ˆ
g (f*e) 3*f;ˆ
h A*B*A*B 3*A*B*(g,A*B*A*B 3*A*B) 3;ˆ ˆ ˆ
i A*(g,A) 3;ˆ
j h*i*h 3*i*h 2*i*h 3;ˆ ˆ ˆ
k h*i*h 3*i*h*i*h 2;ˆ ˆ
l (j 4*k 7*j 2) 2;ˆ ˆ ˆ ˆ
m j 3*k 7*j 3;ˆ ˆ ˆ
n (l 3*m 3*l 2) 3;ˆ ˆ ˆ ˆ
o a*g;
p A*B 3*A*B 2*A*B*A;ˆ ˆ
q a p;ˆ
r A*B 2*A*B 3*A*B 2*A;ˆ ˆ ˆ
s r*(q,r) 6;ˆ
t s 8*a*s 4*a*s 2;ˆ ˆ ˆ
u s 2*a*s 7*a*s 5;ˆ ˆ ˆ
w t 3*u 4*t 4*u 4*t 2*u 7;ˆ ˆ ˆ ˆ ˆ ˆ
x t 3*u 4*t*u*t*u 3*t 2;ˆ ˆ ˆ ˆ
y x*w;
² : ² :gives the amalgam determined by R  q, a, g, y and R  q, a, g, n .1 2
The Suzuki Group Suz
Standard generators for Suz are given by an element A in class 2 B and
an element B in class 4 A whose product AB has order 13 and commuta-
 tor A, B has order 15. In this case we make the elements
C (A*A (B*B*A*B*A*B*A*B*B)) 3;ˆ ˆ
D (A*A (B*B*A*B*B*A*B)) 4;ˆ ˆ
E (A*A (B*A*B*A*B*B)) 4;ˆ ˆ
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F ((A*A (B*A*B*A*B*A*B*B*A*B)) 6) C;ˆ ˆ ˆ
a E*F*(F,E*F) 2;ˆ
b E*C*D*(F,E*C*D) 2;ˆ
c (F,E*C) 2;ˆ
J (c*a) b;ˆ
d B*(J,B) 7;ˆ
e B 2*A*B 2*A*B*(J,B 2*A*B 2*A*B) 6;ˆ ˆ ˆ ˆ ˆ
f d*e*(A,d*e);
g (A,e 2);ˆ
h (A,e) 2;ˆ
i f (g*h*g)*(f*h) 4;ˆ ˆ
j B*(A,B) 7;ˆ
k (j*F*(J,j*F)) 5*F;ˆ
l (k,B 2*A*B 2);ˆ ˆ
m (k,B 2*A*B) 5;ˆ ˆ
n (l*m*(A,l*m) 3);ˆ
o (m*l*m*l*(A,m*l*m*l) 3) 2;ˆ ˆ
p n 5*o;ˆ
² : ² :Then R  k, i, A, J and R  p, k, A, J provide a G -type amal-1 2 3
gam.
The O’Nan Group O’N
Standard generators for O’N are given by an element A in class 2 A and
an element B in class 4 A whose product AB has order 11. We define the
following elements of O’N.
X (A*A (B*A*B 2)) 5; Y (A*(A (B 2*A*B*A*B))) 7;ˆ ˆ ˆ ˆ ˆ ˆ
Z Y ((X*Y) 5); F ((A*A (B 2*A*B)) 5);ˆ ˆ ˆ ˆ ˆ
R Y (X*Y); a (Z*Z (B 2*A*B 2)) 7;ˆ ˆ ˆ ˆ ˆ
c (Z*Z (B*A*B 2*A)) 8; J A ((c (A*a*A)*A) 2);ˆ ˆ ˆ ˆ ˆ ˆ
p (J*J F) 4; q (J*J B) 4;ˆ ˆ ˆ ˆ
l (Z*Z (p*q*p*q*p)) 2; m (Z*Z (p*q)) 7;ˆ ˆ ˆ ˆ
n (Z*Z q); o (Z*Z p) 2;ˆ ˆ ˆ
s n (l*m*o); t (R*F R) 4;ˆ ˆ ˆ
² : ² :Then R  s, A, Z, J and R  J, A, Z, t provide a G -type amal-1 2 3
gam.
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The Fischer Group Fi22
Standard generators of the Fischer group Fi are A and B where A is22
Ž .4Ž .2 2 2in class 2 A, B has order 13, AB has order 11, and AB BA B AB has
order 12. The construction of this amalgam goes via a G -amalgam3
Ž . Ž ² : ² : .generating Alt 10 . This is generated by P  w,  , l and P  w,  , j .1 2
We make the following elements
c (a*b) -7*a*(a*b) 7;ˆ ˆ
d (a*b*b) -5*(b*a*b*b)*(a*b*b) 5;ˆ ˆ
z ((c,d)*d) 4;ˆ
y (d*c*(z,d*c)) 2;ˆ
x d 2*(z,d 2) 2;ˆ ˆ ˆ
w x 3*y 3*x;ˆ ˆ
u c*d 2*c*(z,c*d 2*c) 7;ˆ ˆ ˆ
t x*y;
s y*u;
v t*s*t 3;ˆ
r (c*d*c*(v,c*d*c) 2) 2;ˆ ˆ
q v*w;
p (d 2*(q,d 2) 2);ˆ ˆ ˆ
o (q,d) 4;ˆ
m p*o*p 2;ˆ
n o*p;
l m 4*n*m 3;ˆ ˆ
j m*n;
aa (a*b*a*(v,a*b*a) 7) 2;ˆ ˆ
bb (b*(v,b) 4);ˆ
cc aa 2*bb 5*aa 2*bb 2;ˆ ˆ ˆ ˆ
dd aa 5*bb 7*aa;ˆ ˆ
ee cc 3*dd 3;ˆ ˆ
ff cc*dd 6;ˆ
gg ee*ff 5*ee 2*ff 2;ˆ ˆ ˆ
² :which then leads to the G -amalgam determined by R  w,  , l and3 1
² :R  w,  , gg .2
The HaradaNorton Group HN
Standard generators of the HaradaNorton group HN are A and B
Ž .2where A is in class 2 A, B is in class 3B, AB has order 22, and AB B
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has order 5. We make a G -amalgam as follows:3
a (B*A*B 2*A*B 2*A) 10;ˆ ˆ ˆ
b (a,A) 3;ˆ
c B*(a,B) 2;ˆ
d (c*b) 2;ˆ
e (a,A) 3;ˆ
f B*(a,B) 2;ˆ
g f 13*e*(d,f 13*e);ˆ ˆ
gg f 13*e*f 2*e*f 11*e*f 7;ˆ ˆ ˆ ˆ
h gg*(d,gg);
i (d,f 7*e*f 10*e*f 4) 5;ˆ ˆ ˆ ˆ
j h*i;
k g 3*j 2*g 2*j 3*g 2*j 3*g 2*j*g 2*j 2;ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
l A B*(d,A B) 2;ˆ ˆ ˆ
m ((A*B,B)*(d,(A*B,B)) 12) 2;ˆ ˆ
n a*l*a*l;
o (a,m*n)*(a,m) 5;ˆ
p m*n 3*m*n 2*(a,m*n 3*m*n 2) 7*(a,m*n);ˆ ˆ ˆ ˆ ˆ
q (o 2*p);ˆ
r d*k;
s B*(r,B) 12;ˆ
t s*a*s*a*s 2*a*s 5*a*s 5*a*s*a*s;ˆ ˆ ˆ
u t*(a,t) 2;ˆ
v (a,s 2*a*s 5*a*s 5*a*s) 5;ˆ ˆ ˆ ˆ
w u 3*v 3*u 3;ˆ ˆ ˆ
² : ² :The amalgam is then given by R  k, a, d, q and R  k, a, d, w .1 2
The Lyons Group Ly
Standard generators of the Lyons group Ly are A and B where A has
Ž .3order 2, B is in class 5 A, AB has order 14, and AB B has order 67. We
define the elements
z B*A*B 2*A*B*(A,B*A*B 2*A*B) 7;ˆ ˆ ˆ
y B*(A,B) 4;ˆ
x (z 2*y*z 3) 3;ˆ ˆ ˆ
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w B*A*B 2*A*B*(x,B*A*B 2*A*B) 7;ˆ ˆ ˆ
v (x,y) 4;ˆ
u w*a*w 2*v*w 5;ˆ ˆ
t u*(A,u) 4;ˆ
s (A,w 2) 4;ˆ ˆ
r (s*t) 3;ˆ
q (x,y*z) 5;ˆ
p s*t;
o (p*q*p) 2;ˆ
n q*p*q;
m (o 5*n) 3;ˆ ˆ
l m*x;
k (1,B) 20;ˆ
j B*s*(1,B*s) 33;ˆ
i A*x;
h m*(i,j*k) 5;ˆ
g (i,j) 6;ˆ
f h g;ˆ
e h*f*h 2*f 2*h*f 2;ˆ ˆ ˆ
² : ² :Then setting R  m, e and R  m, r we get a G -amalgam.1 2 3
The Thompson Group Th
Standard generators for Th are A and B where A has order 2, B is in
class 3 A, and AB has order 19. We corner our amalgam by calculating the
following words.
a A;
b B;
c a*b;
d c*b;
e c*d;
f c*e;
g f 6;ˆ
h d 8;ˆ
i h -1;ˆ
j i*a;
k j*h;
l c 8;ˆ
m l -1;ˆ
n m*g;
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o n*l;
a o;
b k;
c (a,b) 3;ˆ
d (a 2,b) 3;ˆ ˆ
e ((c,a 2*b*a 2) 2) (c,a*b*a 2);ˆ ˆ ˆ ˆ ˆ
f a 2*e*a*(d,a 2*e*a);ˆ ˆ
g a*e*a 2;ˆ
f f g;ˆ
i A*B*(b,A*B) 4;ˆ
j B*(b,B) 9;ˆ
m j*b*c*j 2*b*j*(d,j*b*c*j 2*b*j) 4;ˆ ˆ ˆ
l m*c*d*m 3*c*d*m;ˆ
n f 1;ˆ
² : ² :Then R  c, d, n and R  c, d, e provides a G -amalgam.1 2 3
The Fischer Group Fi23
Standard generators for Fi are given by an element A in class 2 B, B23
in class 3D such that AB has order 28. We then chase down an amalgam
by calculating the following words.
a (A*B 2*A*B*A*B*A*B*A*B 2*A*B 2) 2;ˆ ˆ ˆ ˆ
b A*B*(a,A*B) 19;ˆ
c (a,A) 3;ˆ
e (a,B*A) 6;ˆ
f e*b;
g e*c;
ee (f 4*g*f 4*g 6*f 4) 3;ˆ ˆ ˆ ˆ ˆ
h a*(ee,B) 13;ˆ
i (ee,A) 2;ˆ
j (a,h 5*i*h 4*i*h 2) 3;ˆ ˆ ˆ ˆ
k (a,h 3*i*h 4*i*h 4) 4;ˆ ˆ ˆ ˆ
l (a,h 4*i*h 4*i*h 3) 6;ˆ ˆ ˆ ˆ
m j*k;
n l*m*l*m 2;ˆ
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w f 10*g 10*f 7*g 7*(ee,f 10*g 10*f 7*g 7) 2;ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
o n*w 3*n*w;ˆ
p n o;ˆ
q ee*p;
r (q,A*B*A*B 2*A) 2;ˆ ˆ
s (q,A*B 2*A*B 2) 6;ˆ ˆ ˆ
t (q,A*B 2*A*B) 15;ˆ ˆ
u r*s;
w (a,u 20*t*u 3) 6;ˆ ˆ ˆ
x u 11*t*u 20*t*u 22*(a,u 11*t*u 20*t*u 22) 4;ˆ ˆ ˆ ˆ ˆ ˆ ˆ
y w*x 4*w*x 11*w*x 2;ˆ ˆ ˆ
² : ² :Then R  o, a, ee, n and R  a, ee, y provides a G -type amalgam.1 2 3
The Conway Group Co1
Standard generators of the Conway group Co are a and b where a is in1
Ž .2class 2 B, b is in class 3C, ab has order 40, and ab b has order 6. Then
Ž .2 Ž 2 .2 ŽŽ .3Ž .3 2 .8 2 2the words c ab bab and d ab ab ba b ab ab ab are
standard generators for a subgroup of Co isomorphic to 3 Suz:2. Then1
 Ž 2 .2 Ž .14 Ž 2 .23 Suz is generated by A cd cd cd and B d. We now make
the words in the group 3 Suz that generate a G -amalgam in the quotient3
group isomorphic to Suz. This delivers two subgroups of Co of order1
² : ² : ² 3 3:72:-T  k, i, A, J and T  p, k, A, J . Then R  A, J, k , i and1 2 1
 ² 3 3: R  A, J, k , p is a G -amalgam which generates 3 Suz. In the words2 3
that follow, J is the word defined within the Suz procedure above while a
and b are once again the standard generators for Co .1
aa k 3; bb a*b 3;ˆ ˆ
cc bb*(A,bb) 3; dd (J,cc) 2;ˆ ˆ
ee (aa,dd);
Ž  .eeThen setting R  R we obtain a G -amalgam.2 2 3
The Janko Group J4
Standard generators of the Janko group J are A and B where A is in4
class 2 A, B is in class 4 A, AB has order 37, and ABAB2 has order 10. We
Ž .make the G -amalgam by first constructing the G -amalgam within L 23 .3 3 2
We obtain generators for this group from the www-Atlas- c 
Ž .5ŽŽ .2 .5Ž .5 Ž 3.17ŽŽ .3 .8Ž 3.20AB AB B AB , d AB AB B AB . The following
words then are used to locate the amalgam in this subgroup and conjuga-
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tion by r gives an amalgam in J .4
e (d*c) 12; f d*c;ˆ
g f 6; h (e,c) 6;ˆ ˆ
i g*h; j (i,c) 2;ˆ
k (i,d) 3; l j*(j*k) 2;ˆ ˆ
m (g*i); n (m,d*c*d) 2;ˆ
o (A*B) 5; p o*(e,o) 5;ˆ ˆ
q (m,p); r (i,q);
² : ² r:The amalgam in J is then given by R  l, g, i and R  g, i, n .4 1 2
The Fischer Group Fi24
Unfortunately for this group the maximal subgroups have yet to be
described in terms of standard generators. We distort the Fi G -amal-23 3
gam into one for Fi by conjugating one of the amalgamated subgroups24
by elements from the centralizer of B. To find a subgroup isomorphic to
Fi it is convenient to start with Fi rather than with the simple group.23 24
ŽFor Fi we have standard generators C and D with C in class 2C a24
.transposition , D in class 8 D and with product CD of order 29. In terms of
these generators we then find standard generators A and B for the
subgroup Fi as follows:23
l ((D*C*D)*(C,D*C*D)) 2;ˆ
m (D*(C,D)) 2;ˆ
A (l 4*m 11) 30;ˆ ˆ ˆ
B (l 10*m 6*l 11*m 10) 6;ˆ ˆ ˆ ˆ ˆ
E l 13*m 2*l 14*m 10*l 7*m 7*l 9;ˆ ˆ ˆ ˆ ˆ ˆ ˆ
B B E;ˆ
We now make the G -amalgam in Fi as detailed above and calculate3 23
aa (C*D); bb (D*C);
y2 y 2; c aa 21*bb 14*aa 16*bb 9*aa 14;ˆ ˆ ˆ ˆ ˆ ˆ
y3 (ee*y2) 2; y4 c*(y3,c) 17;ˆ ˆ
y5 y4*(ee,y4) 10; y6 y5*(y2,y5);ˆ
² :This finally gives us the G -amalgam with R  y2, ee, n and R 3 1 2
² y6:y2, ee, y where all the undefined notation comes from the construc-
tion of the amalgam in Fi as described above.23
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The Baby Monster Group B
We obtain the standard generating matrices, A and B, for B from the
www-Atlas and from the same page we extract words that generate the
Thompson group as a subgroup of B. Then using our generators for the
G -amalgam contained in Th we obtain a G -amalgam determined by3 3
² l: ² :R  c, d, f and R  c, d, e which generates the Thompson group.1 2
² l: ² g:Then a G -amalgam for B is given by R  c, d, f and R  c, d, e3 1 2
where g is defined by
d1 ((c*d) 2,A) 5; d2 (c,d1) 3;ˆ ˆ ˆ
g (d,d2) 3;ˆ
and the other notation is as in the calculation of the amalgam in Th.
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